1 - Blackwell urn with balls of two colours.

1 - Initial conditions : An urn contains one white ball and one black ball.

2 - Rule : One holds a draw, if the white ball has been drawn, one puts back the white ball
plus another white ball in the urn ; if the black ball has been drawn, one puts back the black ball
plus another black ball in the urn.

3 - One repeats a large number of times this rule.

Let us show the tree of the events (figure 1):
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Let us denote :
1 — A discrete two-dimensional vector space E on N, (N is the set of natural numbers),

2 - The vector vV = (wW,b),v] E corresponds to an urn, which includes Wwhite balls and

b black balls
3-V —{Vpl, D, 2,....,Vp’k} the set vectors corresponding at all the possible urns after p

draws, The initial condition correspond to the vector V, = (11),V, ={Vv,} .

After p draws, the state of the urn is the vector
v, =V, +W(0,1) +b(1,0) =(W+1,b+1) and W+b=p.

and the next state

~ W
If v,; = (W,b), the probability to draw a white ball is A (W) =
’ w+Db

of the urnis v ., ; = (W, b) +(1,0) = (W+1,b), the probability to draw a black ball is

and the next state of the urnis v ,,; = (w,b) + (0,1) = (w,b+1).

. b
A(b) =
0 =5

4 — From each vector (figure 1)(i.e. (w,b)), start two arrows :

a - To the horizontal arrow correspond :
i - the event “to draw a black ball”,

i - the addition of the vector (0,1) to (w,b) and
iii - the probability A (W) ,

b — To the vertical arrow correspond :
i - the event “to draw a white ball”,

ii - the addition of the vector (1,0) to (w,b) and
iii - the probability A (b) .

Theorem | : the number of possible distinct urns after p draws is [V, | C(p+2- 1, p) = p+1.

At the p-th draw, v, =V, +W(0,1) +b(1,0) = (w+1b+1) and w+b=p.

The number of ways to choose P objects from a collection of two objects (the vectors
(1,0) and (0,0)) is the number of distinct solutions of the equation w+b=p, w and
b being natural numbers, this number is the combinations with repetitions C(p+2- 1, p):

Cpr2-1p) =BT = pr1

Remark : C(p+2- 1, p) is the coefficient of X" in the generating function :

1

A+x+x2+x3+x +.) L+x+x2+x3+x*+..) = (—1 )2 =

1+2X+3x° +4x° +5x* + ...+ (p+Dx° +...



Theorem Il : the number of distinct ways from initial vector w=(1,1) to the vector

Vom(wi1p#1) is WD

As (W+1,b+1) =(11) + w(0,1) + b(1,0) , the number of different ways to go from the
vector V, = (1,1) to the vector v, = (w+1,b+1)is equal to the number of collections of p

objects arranged in order from the repetition w times of the objects (1,0) and the repetition b

_ _ _ . o _ pl _ (w+b)!
times of the object (0,1) . This number is the permutations with duplicates = .
wibl wib!
These numbers are written in front of each vector on figure 1.
- _ wib!
Theorem lIl : the probability to reach v, = (w+1b+1) from v, =(11) is ———.
(w+b+1)!

(Wb E (WL b+) , A (1):\#3%

(W= 1,0+ (w,b+l) , A (2)=\A\A£_% ,

(1 b2 b+1) A (w):ﬁ ,

(Lo (1b+1) A (W+1)=%_ ,
(Lb- 1) (1) A (w+2)=%L ,

(1, 1&2P(1,2) A (w+b)=%
All these events beings independent,

(1,18 (w+Lb+l), AA[D.A (2)...A (w).A (W+l).A (W+2)...A (w+b).
X w w-1 1 b b-1 1_  whb

TwWHb+1l w+b b+2b+1 b 2 (wtb+l)l

N 1
Theorem IV : the probabilities of the p+1 events v ;| V, are 1
’ p

The p +1levents ' ] Vp obtained after p draws, can be written (W +1, b + 1) with
w+b=p.



w+b)!
The probability of the event Vv, ; is the product of the number of occurrences % of this
. . wib!
event (given by the theorem 1) by the probability ————— toreach v, =(w+1,b+1) from
(W+b+1)!
V, = (11) (given by the theorem IiI) :
(w+b)! W bl _ 1 1

whb (w+b+1)! w+b+1l p+1

2 - GENERALISATION : Blackwell urn with balls of k different colours.

1 - Initial conditions : An urn contains k balls of different colours.

2 - Rule : One holds a draw, each time a ball of one colour is drawn, one replaces 2 balls
of the same colour in the urn.

3 - One repeats a large number of times this rule.
Let us denote :

1 — A discrete k dimensional vector space E on N, (N is the set of natural numbers),
2 — The vector V=X, Xz,...,X) M E corresponds to an urn which includes x balls of the
colour #1, X2 balls of colour #2,..., Xk balls of the colour #k,

3- Vp :{Vp,l’vp,Z"""Vp,k} the set vectors corresponding at all the possible urns after p

draws, The initial condition correspond to the vector V, = (11,....),V, ={V,} .

Theorem | bis : the number of possible distinct urns after p draws is Mp|=C(k+p-1,p).

The number of ways to choose P objects from a collection of k objects is the number of distinct

solutions of the equation Xi+Xe+...+X«=p, this number is the combinations with repetitions

C(k+p-1,p):
Clk+p-1,p)=KP-1)!

k-1)'p!

Remark : C(k+p-1,p) is the coefficient of Ypin the generating function (ﬁ K.

Example : For k=3,
(ﬁ 2=1+C(3,1)y+C(4,2)xy2+C(5,3)ys+C(6,4)ya+C(7,5)ys +...
=1+3y+6y2+15y3+21y4+28ys+...

Theorem Il bis : the number of distinct ways from the initial vector vo=(1,1,..,1) to the vector

!

The number of different ways to go from the initial vector to the vector
Vo=(x+1,%+l,...,X+1) is equal to the number of collections of p objects arranged in order

from the repetition X times of the objects of colour #1 and the repetition X2 times of the object



of colour #2, ..., and the repetition X« times of the object of colour #k. This number is the
(x+xe+.+x)!_ p!

permutations with duplicates: .
xbel .. xd X xd

Theorem Il bis : the probability to reach Vp=(X+1,X2+1,...,X<+1) from the initial vector

B & _oxbd L xd(k-1)!
w=(1,1,..,.1) is A (et A Xk 1)1

R A (1)= X
(a2, AXA)E (1, %+,... X+1) , A (1) ot kL

(LxeHl,.. X2 %t %), A (Xl):m :

Xat+.. Fx+k

] ) x _ ]
(L1, HPEAO(L2,...141) A (bt )=t —.

(L1,...2399®(1,1,...2), A (xl+xz+...+xk)=% ,

AA D)...A (%)...A (x+1)....A (e+x)... A (etxet. +X0),

A= X 1 Xo 1 | 1
X+, AXctHk-1"""Yo+.. XK e+ HAK-1"""%+.. +x%+K " "X+k-1"k’

A= X 1 o) 1 Xk 1
X+, AXtHk-17"""Yo+.. XK o+, AXc+K-17 "+ Atk x+k-17"7k

A — Ixd.. . xd
A (etxet.. AXctK-1)...0et.. #%4K) Oet.. Axtk-1)... 06+ A XAHK)... 0 +k- 1)

..... k'’

K= Xixd . Xd(k-1)!
(atxet.. Axtk-1)!

Theorem IV bis : the probabilities of the Mp|=C(k+p-1,p) events

v, |1V, are

1
C(k+p-1,p)

The C(k+p-1,p) events v, ] V,, obtained after p draws, can be written
Voi=(X+l,X%e+,... X+1) with Xi+Xe+.. +X=p .




I
is the product of the number of occurrences _P of this
xixd .. xd(k-1)!
XitXet.. AXctK-1)!
Vp=(x+1,Xe+l,... %+1) from v, = (11,...,) (given by the theorem IlI bis) :

The probability of the event v

p.i

to reach

event (given by the theorem Il bis) by the probability (

pl xbe.xd(k-1Dl_ pk-1)!_ 1
i Xl (krp-1)  (k+p-1)1 Ck+p-L,p)

CONCLUSION :
The C(k+p-1,p) events Voi ] Vp obtained after p draws have the same probability m

3 — Simulations.

- 32,000 simulations have been made with p=32000 and k=2,3,4 and 5.
- At the end of each simulation, the numbers X+1,%x+1,...,.X«+1 of balls of colours #1,#2,...,#k

of the urn, obtained after p draws are written down.
- At the end of 32,000 simulations, bar charts for each colours are plotted :

0 X-axis corresponds to the different values of Xn+1corresponding to the colour N
(n [1,...K]).

0 Y-Axis corresponds the frequency zn of the values Xn+1.
- In order to understand these results, the theoretical value of zn=F(p,k,n) must be given. :

After p draws :
0 The number of balls in the urn is K+ p=x+1+xo+1+.. +x+1

=X+Xo+.. A X+

(k+p-1)!

(k-Dip!

o The number Z» of possible distinct urns containing Xn+1balls of colour N corresponds
to the number of way to choose k+p-n objects from a collection k-1 objects :

0 The number of possible distinct urns is Mp|=C(k+p-1, p)=

_(k+p- - 2)!
Z= K- 2)(p- x)!

If the ball of colour N has never been drawn, X»+1=0,
If the ball of colour N has been drawn at each draw, X+1=p.

Therefore Xl [1, p+1]
—(p- x+1)!
- For k=3, z= o)l )'

For k=4, zz—('zol(g‘”z)), L(p- x+2)(p- x+1)




For k=5, a% 10 % +3)(p- %0+2)(p- o +1)

In a general way, Z» is a polynomial of degree k-2 in p.

4 — Another rules.

1 - Initial conditions : An urn contains one white ball and one black ball.

2 - Rule : One holds a draw, if the white ball has been drawn, one puts back the white ball
plus a black ball in the urn ; if the black ball has been drawn, one puts back the black ball plus a
fixed number | of white balls in the urn.

3 - One repeats a large number of times this rule.

Problem.

- An urn contains b black balls and w=k.b white balls, ng_%

- The rule 2 (above) is applied.

- What must be the value of | in order the ratio E(b) =1 :
E(w) K

E(b) and E(w) are the expectations of band w.

E(b)=A (w).(b+1)+A (b).b 1)
E(b)=A (b).b+A (n).(b+ ) )

A (W)_b-li(-l?b_kl-(i-l and A (b)_b+k b % therefore (1) and (2) becomes :

E(b)—— (b+1)+ k+1 b=b+K_

k+1
Ew)=Kgwe Lo (il ymwe Loz L
k
k. b+ ——
E(b)_n+k+1 o EO) - " ke1 1
EW) kn+e !l E(w) k2 Kk
k+1 Kb+
k+1

Consequently, after a large number of draws, the ratio b/w has YA for limit. In peculiar
if 1 =1, b/w=1



